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£> ■ Abstract 

Q\ 

CN ■ We consider an abelian holonomy operator in two-dimensional conformal 

field theory with zero- mode contributions. The analysis is made possible 
by use of a geometric-quantization scheme for abelian Chern-Simons theory 

^-v ■ on S 1 x S 1 x R. We find that a purely zero-mode part of the holonomy 

operator can be expressed in terms of Riemann's zeta function. We also 
show that a generalization of linking numbers can be obtained in terms of the 
vacuum expectation values of the zero-mode holonomy operators. Inspired 
by mathematical analogies between linking numbers and Legendre symbols, 
we then apply these results to a space of F p = Z/pZ where p is an odd prime 
number. This enables us to calculate "scattering amplitudes" of identical 
odd primes in the holonomy formalism. In this framework, the Riemann 
hypothesis can be interpreted by means of a physically obvious fact, i.e., 
there is no notion of "scattering" for a single-particle system. Abelian gauge 
theories described by the zero-mode holonomy operators will be useful for 
studies on quantum aspects of topology and number theory. 



1 Introduction 

The concept of holonomy in conformal field theory or, more precisely, holon- 
omy of what is called the Knizhnik-Zamolodchikov (KZ) connection in math- 
ematics has been developed in search of a geometric understanding of the 
conformal field theory [1]. This geometric approach has an advantage in ob- 
taining topological invariants. Particularly, it is known that the holonomy 
is useful in construction of the so-called Witten invariant which is originally 
formulated as a partition function of three-dimensional Chern-Simons theory 
[2] . The holonomy in conformal field theory is therefore closely related to the 
knot theory. In fact, the holonomy can be defined as a linear representation 
of a braid group. Since knots, and links in general, can be generated by the 
braid group, the holonomy is indeed an indispensable element in application 
of (conformal) field theory to topology. 

Recently, use of such a holonomy operator in a form that is more familiar 
to physicists is proposed as a non-perturbative formulation of non-abelian 
gauge theories [3]. In this approach, which we call holonomy formalism, 
tree-level scattering amplitudes of gluons are shown to be generated by a 
holonomy operator that is defined in a CP fiber of twistor space. Notice 
that twistor space CP can be regarded as a CP -bundle over compact 
spacetime S 4 ; thus twistor space (or its supersymmetric version) is naturally 
required in order to incorporate four-dimensional spacetime information. An 
essential structure of the holonomy formalism is, however, encoded in the 
holonomy operator of the CP fiber on which a two-dimensional conformal 
field theory is defined. This formulation is developed along the line of the 
so-called spinor-momenta or spinor-helicity formalism. (For details of this 
formalism, see [3] and references therein.) In order to further understand 
the validity and usefulness of the holonomy formalism and its essentials, it is 
therefore natural to investigate an abelian holonomy operator in conformal 
field theory without any spacetime or twistor-space information. This is a 
main motivation of the present paper. 

The abelian holonomy operator that we discuss here serves as a topolog- 
ical "skeleton" of abelian gauge theories, including, in particular, Maxwell's 
theory of electromagnetism. Thus topological invariants that can be gen- 
erated by the abelian holonomy should include Gauss's linking number. It 
is well-known that the linking numbers can be expressed in terms of a par- 
tition function of abelian Chern-Simons theory (see, for example, [4]- [6]). 
The liking numbers can also be expressed as degrees of mapping, or winding 



numbers, of a map <fi : S 1 x S 1 — > S 2 . (For the notion of winding number, 
see, e.g., [7].) In fact, the linking numbers naturally arise from an abelian 
Chern-Simons theory on S 1 x S 1 x R which can be interpreted as a Wess- 
Zumino-Witten (WZW) model on torus. As we review in section 3, this 
can neatly be shown by use of geometric quantization for the toric abelian 
Chern-Simons theory [8, 9, 10]. We shall apply this geometric scheme to 
the abelian holonomy formalism such that generalization of linking numbers 
can be obtained in terms of the abelian holonomy operator. Generalization 
and application of linking numbers in different physical contexts can also be 
found in [11]-[14]. 

In the present paper, we try to convey a novel perspective on the linking 
numbers by applying the abelian holonomy formalism to the elementary 
theory of numbers. This is motivated by the following mathematical results. 
Interestingly, the concept of linking number can be applied to odd primes 
and, by use of Galois groups, one can define a linking number (mod 2) of p 
and q, denoted by lk(p, q), where p and q are two distinct odd primes. This 
is shown by Morishita [15]. We do not discuss details of lk(p, q) here but the 
upshot of Morishita's result is that lk{p, q) is related to the Legendre symbol 
by 

(_!)**(«*) = f <n ( L1 ) 

where q* = (— l)~5~q. The Legendre symbol ( ?-) is defined by 
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, , j T i if q* is a quadratic residue modulo p ; . . 

'' '' "' ' otherwise . 



That q* is a quadratic residue modulo p means that there exists an integer 
n such that n 2 = q* (mod p). In the elementary theory of numbers, the 
Legendre symbol appears in the Gauss sum 

p-i 
\ = ^^ P {x)e~ x . (1.3) 

Notice that the sum is taken over the elements of F^ = F p — {0} where 
F p = Z/pZ. Since the Gauss sum takes a value of complex number, the 
Legendre symbol gives a map 

X p : F p * -)• C. (1.4) 



This suggests that we can interpret X p as a Fourier transform of X p (x) in a 
space of mod p. (For description of the Gauss sum as a Fourier transform, 
see, e.g., [16].) 

At first glance, the relations (1.1)-(1.4) seem irrelevant to the algebraic 
construction of holonomies. However, as mentioned earlier, the holonomy 
formalism is closely related to knot theory and linking numbers can be gen- 
erated by an abelian holonomy operator. Thus, the facts that the linking 
number is essentially equivalent to the Legendre symbol and that the Gauss 
sum can be interpreted as a Fourier transform of the Legendre symbol in 
a space of finite field F* are quite suggestive. Namely, application of the 
holonomy formalism to elementary number theory will be useful to obtain 
something analogous to scattering amplitudes of prime numbers. In other 
words, it is presumably possible to express a generating function for such 
"scattering amplitudes" of primes in terms of the abelian holonomy opera- 
tor suitably defined in F* . A main goal of the present paper is to give an 
explicit realization of such a generating function. Roughly speaking, this 
means that our main goal is to obtain a field theoretic description of the 
idea that there is a correspondence between knots and primes, i.e., 

(integer) = TT(prime)i < — > JT(knot)j = (link) , (1.5) 

i i 

in the context of holonomy formalism. For mathematical studies on the 
relation between knots and primes, one may refer to [17]. 

Another intriguing aspect of the abelian holonomy formalism which we 
would like to deliver in the present paper is that, if we include zero- mode 
contributions and consider only the zero-mode part of the abelian holonomy 
operator, then the zero-mode holonomy operator can be expressed in terms 
of Riemann's zeta function. It is well-known that Riemann's zeta function 
can be represented by an iterated integral [1]. In section 4, we shall show that 
the zero-mode part of the abelian holonomy operator contains essentially the 
same iterated-integral representation as Riemann's zeta function. The fact 
that the abelian holonomy operator is represented by an iterated integral is 
not surprising if we remember that the WZW model can be defined by an 
iterative integral [18]. (For the use of an iterative integral in physics, see 
also [19].) 

Riemann's zeta function is intimately related to prime numbers by the 
formula of Euler's product. In applying the zero- mode holonomy operator to 
a space of F* , we shall make a detailed argument that one can interpret the 
Gauss sum as an operator which is relevant to creation of odd primes. Along 



with the discussion on the generating function for "scattering amplitudes" 
of primes, we then further investigate the zero-mode holonomy operator in 
relation to quantum realization of Riemann's zeta function. We propose 
that clarification of this relation will lead to a new, if speculative, physical 
interpretation of the Riemann hypothesis. (For recent studies on related 
topics, see, e.g., [20]-[22].) 

The paper is organized as follows. In the next section, we briefly review 
the holonomy formalism, following [3], and present an explicit definition 
of the abelian holonomy operator. In section 3, we review the geometric- 
quantization scheme for the toric U(l) Chern-Simons theory, following [10]. 
We shall show that linking numbers naturally arise from a holomorphic wave- 
function of the toric U(l) Chern-Simos theory. In section 4, utilizing the 
results in the previous sections, we construct and calculate an abelian holon- 
omy operator with zero-mode contributions. We show that generalization 
of linking numbers can be obtained from such a holonomy operator. We 
also show that the zero-mode part of the abelian holonomy operator can be 
expressed in terms of Riemann's zeta function by use of an iterated-integral 
representation. In section 5, we apply the zero-mode holonomy operator 
to a space of F* and discuss how one can obtain a generating function for 
"scattering amplitudes" of prime numbers. We shall also propose a new in- 
terpretation of the Riemann hypothesis in the context of abelian holonomy 
formalism. Lastly, we shall present some concluding remarks. 



2 Review of abelian holonomy operators 

In this section we review essentials of the holonomy formalism, following the 
construction introduced in [3]. The holonomy formalism is originally de- 
veloped in explaining multi-gluon amplitudes in helicity-based calculations. 
Basic physical operators are then given by creation operators of gluons with 
helicity ±, which can be identified as ladder operators of the SL{2, C) alge- 
bra; these are denoted by a\ in (2.1). An abelian version of the formalism 
is thus obtained simply by replacing a role of gluons with that of photons. 
As mentioned earlier, in this paper we shall focus on holonomies of two- 
dimensional conformal field theories, rather than dealing with twistor space 
to construct four-dimensional theories. Therefore, strictly speaking, the no- 
tion of helicity and even that of 4-momentum are not appropriate. The use 
of SL(2, C) algebra is however persistent in either case. Thus we can still 
use a\ as physical operators in two dimensions. Here the sign ± of a\ no 



longer corresponds to helicity but some analog of it. 

Braid groups, KZ equation and comprehensive gauge fields 

Bearing in mind the above notes on helicity, we now consider a multi- 
photon system in the holonomy formalism. The Hilbert space of the system 
is given by V® n = V\ <8> V2 <8> ■ • • <8> V n where V{ (i = 1, 2, • ■ ■ , n) denotes a 
Fock space that creation operators of the i-th particle with helicity ± act 
on. Such physical operators a\ are given by ladder operators that form a 
part of the SL(2, C) algebra. The algebra can be expressed as 

[a« aj->] = 2af 6 i3 , [afla^] = a« 6* , [a< \«<->] = -a^ S tJ (2.1) 

where Kronecker's deltas show that the non-zero commutators are obtained 
only when i = j. The remaining of commutators, those expressed otherwise, 
all vanish. 

The physical configuration space of n photons is given by C = C n /S n , 
where S n is the rank-n symmetric group. The S n arises from the fact that 
photons are bosons. The complex number C corresponds to a local coor- 
dinate of CP on which, in the context of spinor-momenta formalism, a 
spinor momentum of the i-th. photon is defined. In this paper we do not 
strictly follow the spinor-momenta formalism. Thus it is not appropriate to 
use a momentum-representation of a\ . However, for a purpose of obtain- 
ing abelian holonomy operators of conformal field theory, we can still label 
these operators in terms of complex coordinates of CP because it is this 
CP where a conformal field theory is defined. In the next section, we shall 
deform the topology of CP 1 = S 2 to that of torus T 2 = S 1 x S 1 and shall 
consider zero- mode contributions to the abelian holonomies. 

It is well-known that the fundamental homotopy group of C = C n /S n is 
given by the braid group, IIi(C) = B n . The braid group B n has generators, 
61, 62, ■ ■ ■ , b n -i, and they satisfy the following relations: 

bib i+1 bi = b i+1 bib i+1 if \i - j\ = 1 , ^^ 

bibj = bjbi if \i — j\ > 1 

where we identify b n with b\. To be mathematically rigorous, the C of 
C = C n /S n should be replaced by CP which is represented by the local 
coordinate z. Since C can be obtained from CP by excluding points at 
infinity, the replacement can be done with ease. At the level of braid gener- 
ators, this can be carried out by imposing the following relation [23] 

(6i6 2 • • • b n - 2 b n -i)(b n -ib n -2 ■ ■ ■ b 2 b 1 ) = 1 . (2.3) 
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The braid group that satisfies this condition on top of (2.2) is called a sphere 
braid group B n (CP ), while the previous one is called a pure braid group 
B n (C) = B n . Thus, bearing in mind this subsidiary condition, we can iden- 
tify C = C n /S n as the physical configuration space of interest. 

Now, mathematically, a linear representation of a braid gruop is equiv- 
alent to a monodromy representation of the Knizhnik-Zamolodchikov (KZ) 
equation. The KZ equation is an equation that a function on C satisfies 
in general. We can denote such a function as ^(zi,Z2, ■ ■ ■ ,z n ), where z% 
(i = 1,2, ■ ■ ■ ,n) represents the local complex coordinate of CP . The KZ 
equation is then expressed as 

8 —=-y: ^i_ (2 .4) 

OZi K ... ... Z{ — Zj 

where k is a non-zero constant called the KZ parameter. We now introduce 
logarithmic differential one-forms 

(2.5) 



Uij = d\og(zi - Zj) = 


dzi - 
Zi - 


-dzj 


Notice that these satisfy the identity 







ujij A uj jk + uj jk A uj ik + uj ik A tOij = (2.6) 

where the indices are ordered as i < j < k. The quantity fi^ in the KZ 
equation is a bialgebraic operator. In terms of the operators of SL(2, C) 
algebra in (2.1), this can be defined as 

n tJ = a!f ] ® oj") + a j _) ® aJ +) + 2af } ® of . (2.7) 

In the case of « = j, this becomes the quadratic Casimir of SL{2, C) algebra 
which acts on the i-th Fock space Vi . Action of O^ on V® n = Vi l S)V2 l S)- ■ • l S)V n 
can be written as 

J2 1 ® • • • <S> 1 <E) pj(i" M ) ® 1 ® ■ ■ ■ ® 1 ® pj(/ M ) ® 1 <g> • • • <8) 1 (2.8) 



where 1^ (/x = 0, 1, 2) are elements of the SL(2, C) algebra and p denotes its 
representation. Introducing the one-form 

n = - J2 Q ij ^j ' ( 2 - 9 ) 

l<i<j'<n 



we can then rewrite the KZ equation (2.4) as a differential equation 

DV = (d- O)* = (2.10) 

where D = d — Vi can be regarded as a covariant exterior derivative. 
From the explicit form of (2.7), one can show 

[tlij, tiki] = (i, j, k,l are distinct), (2-H) 

\flij + £ljk,tlik] = (i, j, k are distinct). (2-12) 

In mathematical literature, these are called the infinitesimal braid relations. 
Remarkably, by use of these relations along with (2.6), the flatness of £1, i.e., 
dfl — CI A CI = 0, can be shown. (For a proof of this, see [1, 3].) There- 
fore, it is possible to define a holonomy of Cl, which gives a general linear 
representation of a braid group on the Hilbert space V® n . This is the mon- 
odromy representation of the KZ equation. The Hilbert space V® n can then 
be identified as the space of conformal blocks for the KZ equation. 

We now consider applications of these mathematical results to the multi- 
photon system. As mentioned before, the physical operators of photons 
are given by a\ . The operator flij may not be appropriate to describe 
photons since its action on the Hilbert space is represented by (2.8), which 
involves a\ . We need to modify fl^ 's such that the operators a\ are treated 
somewhat unphysically. We then introduce a following "comprehensive" 
gauge one-form 

A=- Yl Ail"* ( 2 - 13 ) 

l<i<j'<n 

where Aij is defined as a bialgebraic operator 

Aj = 4 +) af + a { r ] ® af . (2.14) 

Notice that, from the explicit form of Aij, we can also show that the bial- 
gebraic quantity A^ satisfy the relations (2.11) and (2.12). (For details of 
this fact, see [3].) These relations are the only conditions for the flatness 
or integrability of A. Thus, as in the case of fl, we can also obtain the 
expression 

DA = dA-AAA = -AAA = (2.15) 

where D is now a covariant exterior derivative D = d — A. This relation 
guarantees the existence of holonomies for the comprehensive gauge field A. 



Although the bialgebraic structures of f2 and A are different, the con- 
stituents of these remain the same, i.e., they are given by a\ and a\ . Thus, 
we can use the same Hilbert space V® n and physical configuration C for both 
£1 and A. The KZ equation of A is then given by D^> = (d— A)^ = 0, where 
^ is a function of a set of complex variables (z±, Z2, • • • z n ). This suggests 
that the inverse of the KZ parameter n can be interpreted as a coupling 
constant of the gauge theory. 



Abelian holonomy operators 

A holonomy of A can be given by a general solution to the KZ equation 
D^f = (d — A)fy = 0. The construction is therefore similar to that of Wilson 
loop operators. In the present formalism, rank-n differential manifolds are 
physically relevant for the construction. Thus, we need differential n-forms 
in terms of A in order to define an appropriate holonomy operator. Further, 
an analog of Wilson loop should be defined on C. These requirements lead 
to the following definition of the holonomy operator. 



®R,-y(z) = Tr^ i7 Pexp 



E f A A A A ■ ■ ■ A A 

r>2 J 1 " r 



(2.16) 



where 7 represents a closed path on C along which the integral is evaluated 
and R denotes the representation of a gauge group. For the abelian group 
U(l), the representation can be trivially determined. In the following, we 
explain the meanings of the symbol P and the trace Ttr i7 , respectively. 

The symbol P denotes a "path ordering" of the numbering indices i, j. 
The meaning of this symbol can be understood as follows. The exponent in 
(2.16) can be expanded as 



00 „ 00 



^ I AA_^^A = E / E A hh A i2h ■ ■ ■ A irjr A ^ kjk (2.17) 

r>2 J T r r>2 J *1 (i<j) fc=l 

where (i < j) means that the set of indices (ii,ji,---,i r ,jr) are ordered 
such that 1 < i\ < j\ < r,---,l < i r < j r < r. Notice that the coupling 
constant l/« is absorbed in A; we shall use this convention unless otherwise 
mentioned in the following. Notice also that, if we have r = 1, we can define 
(2.17), or the exponent of (2.16), as zero. For r = 1, we cannot define either 
A defined in (2.13) or Uij in (2.5) but it is natural to consider ufy- vanishing 
since in this case the quantity (zi — Zj ) can be treated as a fixed variable. (We 
shall come back to this definition later in the end of section 5.) The symbol 
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P means that the numbering indices are further received ordering conditions 
1 < h < i-2 < • • • < ir < r an d 2 < ji < j2 < • • • < j r < r + 1 where r + 1 is 
to be identified with 1. This automatically leads to the following expression 

oo . oo - 

P E f A A ". ' ' A ^ = E f AyiA ^ ■ • • ^rl W12 A W23 A • • • A W r i (2.18) 
r-^2"^ r ' r>2^ 

which shows that the basis of the holonomy operators (2.16) is given by 
UJa+i under the "path ordering" operation for the numbering indices. 

Now the commutator [^4i2,^423] can be calculated as 

[a 12 ,a 23 ] = <4 +) ® 4 +) ® 4 0) - «i +) ® 4 _) ® 4 0) 

+ a{ _) (g> 4 +) ® 4° } - «i _) ® 4" } ® 4 0) • (2-19) 
Equation (2.18) is then written as 

oo „ oo „ 

P Y^ f A_A_J_A_A = Y f ^12^23 ■ ■ ■ A rl W12 A W 2 3 A ■ ■ ■ A W r l 

OO i 

= E^i E (-i)^+^-^ 

r>2 (hi,/i2,-,/ir) 

x a^ l} (g) a^ 2 - 1 <g> ■ ■ ■ <g> ai hr) f u 12 A • • • A u rl 

(2.20) 



7 



where hi denotes hi = ± = ±1 (i = 1, 2, • • • , r). In the above expression, we 
define aj ±) <g> a^ 2) ® • • • ® a£ M ® a[ 0) as 

o^ ® 4 M ® ■ ■ ■ ® 4 M ® 4 0) = ^"U^]*^®-®^) 

= ±^a^ ® 4 h2) ® • • • ® 4 M (2.21) 

where we implicitly use an antisymmetric property for the indices (1, 2, ■ ■ ■ , r) 
as indicated in (2.17) or (2.18). 

The trace Ttr i7 in the definition (2.16) means traces over the generators 
of a U(l) group and a braid group. The former trace is trivial and the latter, 
which is called a braid trace, can be realized by a sum over permutations of 
the numbering indices. Thus the trace Tr# )7 over the exponent of (2.16) can 
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be expressed as 

oo „ 

Tr 7 P Y^ f 4 A • • • A A 

= X! Yl j>Ai a2 A a2a3 ---A ar iUi a2 f\u a2a , A f\---f\uj arl (2.22) 

r>2o-65 r _i t 

where the summation of S r -\ is taken over the permutations of the elements 

(23 ... r \ 
(j 2 <T3 ■■■a r J 

Prom the expression (2.20), we find that, with a suitable normalization for 
§~ W 12 A • • 'Aw r i , the holonomy operator can be used as a generating function 
for all physical states of photons on the Hilbert space V® n . The holonomy 
operator (2.16) is therefore a very universal operator. As a summary of 
this section, we recapitulate the definition of the abelian holonomy operator 
0r i7 (z) below. 



@R,-y(z) = Tr Ri7 Pexp 



Y f A A A A--- A A 



r>2 J ~* 



(2.23) 



A = - Yl An"* ( 2 - 24 ) 

l<2<j<n 

tdij = dlog(zi-Zj) = — l — — J - (2.25) 

Aij = a\ +) af + aj~ } <g> af (2.26) 



3 Geometric quantization and linking numbers 

In the following sections, we shall consider zero- mode contributions to the 
abelian holonomy operator @r^(z) by changing the topology of CP 1 = S 2 
to T 2 = S 1 x S 1 . This means that we impose a double periodicity condition 
on the complex variables z% (i = 1, 2, ■ ■ ■ , n): 

Z{ —■ Z{ + mi + niT (3.1) 

where rrii and rii are integers and r = Rer+ilmr is the modular parameter of 
the torus. We shall carry out this analysis by use of a geometric-quantization 
scheme developed in [10] for the U(l) Chern-Simons theory on S 1 xS 1 x R. In 
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this preparatory section, we briefly review this scheme and show its relation 
to linking numbers. 

Holonomies of torus 

Torus can be described in terms of two real coordinates £1, £2 with pe- 
riodicity of £ r — > £ r + m (r = 1, 2) where m is any integer. In other words, 
£ r take real values in < £ r < 1, with the boundary values 0, 1 being iden- 
tical. Complex coordinates of torus can be parametrized as z = £1 + r^2 
where r G C is the modular parameter of the torus. This parametrization 
is equivalent to (3.1). Notice that we can absorb the real part of r into £1 
without losing generality. In the following, we then assume Rer = 0, i.e., 

T = Rer + ilmr = ilmr . (3.2) 

There are two noncontractible cycles on torus, conventionally labeled as 
a and /3 cycles. Holonomies of torus can be defined along these cycles as 



uj = 1 , / uj = t (3-3) 

a J/3 

where the holomorphic one-form uj = uj(z)dz is a zero mode of the anti- 
holomorphic derivative dz = ■§%■ The normalization of uj and its complex 
conjugate Q is given by 

/ dzdzud Aw = i2Imr. (3-4) 

In constructing a theory on torus, we need to take account of factors that 
involve uj and uj. 

Let a G C be a complex physical variable of the zero mode. As we discuss 
in a moment, an abelian gauge potential on torus can be parametrized solely 
by this complex variable a and its conjugate. Notice that these also satisfy 
the double periodicity 

a — > a + m + nr , a — ^ a + m + nf (3.5) 

where m and n are integers which correspond to the winding numbers of a 
and /3 cycles, respectively. 

Using the assumption (3.2), we can rewrite the holonomies (3.3) in a 
more convenient form: 

uj s = (Imr) e rs , (3.6) 



G: r 
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LOi = 


= (dz - dz)/2i = 


-Imrd£ 2 , 


(3.7) 


UJ 2 = 


- (rdz — fdz)/2i 


= Imr<i£i 


(3.8) 



where e rs (r,s = 1,2) denotes the rank-2 Levi-Civita symbol and a±, a 2 

correspond to the a and /3 cycles, respectively. Notice that we can set 

uj(z) = 1 in (3.3) by identifying the a and f3 cycles with loop integrals along 

the variables £i and £2, respectively. Normalization for wi and W2 is given 

by 

/ dzdz -^- A -^- = 1 . (3.9) 

J Imr Imr 

We now reparametrize the complex physical variables as 

a\ = a — a , 0,2 = rd — fa . (3.10) 

These a compatible with the choice of u)\ and C02 ■ Under the transformations 
of (3.5), a\ and 02 vary as 

5a>i —)■ (— 2ilmr)n, 5a,2 —> (2ilmr)m. (3.11) 

From (3.6) and (3.11), we find 

exp ( I TH**) = e -^m (1 ™» *«A = e -^n (312) 

V Ja 2 Imr Imr / y ai Imrlmr/ 

Geometric quantization of the toric £7(1) Chern-Simons theory 

We now consider geometric quantization of the £7(1) Chern-Simons the- 
ory, following the line of [8, 9] in a slightly different manner. 

In the temporal gauge, Chern-Simons gauge potentials can be described 
by the spatial components. In terms of the real coordinates £ r (r = 1, 2) on 
torus, these can be parametrized as 

A id 9 + — Gl 

Imr Imr ' 

% - %* + B^t ^ 

where d^ r denotes t&- and 6 = #(£1, £2) is a function of £1, £2. From (3.12), we 
can easily find that holonomies of A^ r are invariant under the transformations 
of (3.5). Notice also that, under a certain gauge where 6 is a constant, the 
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gauge potentials are parametrized purely by zero modes. 1 Thus, in terms of 
the complexified variables, the gauge potentials of the U(l) Chern-Simons 
theory on S 1 x S 1 x R can be parametrized by 

TTUJ , 1TUJ 

A z = - — a , A- z = - — a . 3.14 

Imr Imr 

In the program of geometric quantization, a "holomorphic" wavefunc- 
tion ^[Ag] of the U(l) Chern-Simons theory generally satisfies the so-called 
polarization condition 

d a + ld a K)v[A s ] = (3.15) 

where K is a Kahler potential that is associated with the phase space of 
Chern-Simons theory in the ^o = gauge. The condition (3.15) leads to the 
specific form 

V[A g ] = e"T il>[A s ] (3.16) 

where V'l^s] is a purely (anti) holomorphic function of A%. In the present 
case, physical variables are given by a and a. Thus we can express the 
holomorphic wavefunction (3.16) as 

*[A z ] = y[a]=e- m ¥ 1 f(a) (3.17) 

where f(a) is a function of a. This is a function defined on torus. Thus it 
is natural to require the invariance of f(a) under the transformation a —> 
a + m + nr. In the following, we shall show this relation by a suitable choice 
of the Kahler potential K{a, a). 

We first notice that there is an ambiguity in defining Kahler potentials. 
What is essential in physics in a geometric analysis is the Kahler form to 
start with. There are a number of Kahler potentials that leads to the same 
Kahler form. In the present case, form (3.4) and (3.14), we can define the 
Kahler form of zero modes as 

„/,i k f ( ttO \ ( ttuj \ irk , , 

n^' = —da Ada A = i- da A da (3.18) 



— aa /\aa - — a - — = i- — 

2tt J Zt z \liaiT J \lmr / Imr 

where the integral is taken over dzdz and k is the level number associated to 
the abelian Chern-Simons theory. The corresponding Kahler potentials can 



1 For non-abelian theories, it is not possible to express A^ , A^ 2 entirely by zero modes; 
see [10] for details. 
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generally be expressed as 

W(a,a) = - aa + g(a) + h(a) (3.19) 

Imr 

where g(a) and h(a) are arbitrary functions of a and a, respectively. Thus 
there are infinite choices for the Kahler potentials. We need to choose an 
appropriate one depending on specific purposes. This is what we are going 
to do now. 

From our normalization (3.4) and (3.9), we find a relation 

da Ada u> A u> = dai A da 2 / — — A — — (3.20) 

Jz,z Jz,z Imr Imr 

where we use 

UJ 2 ~ TUJl _ Ll>2- TUl . . 

w = — ; , w = — • (3.21) 

imr Imr 

In terms of a\ and a 2 , the zero- mode Kahler form can then be expressed as 

Q^ = — ( ) da Ada u> Aui = — ( ) (2ilmr)da A da 

2vr VImry i 2 , f 2vr Vlmr/ V ' 

k ( IT \ 2 , f 0J2 Wl k ( 7T \ 2 , 

= tt 7 « a i A da 2 / T A = -7— j dai A da 2 . 

2tt \lmr/ J Zy z imr imr Zir \lmr/ 

(3.22) 

A Kahler potential corresponding to the second line in (3.22) can be written 
as 

K(a, a) = — — -7r(d — a)(ra — fa) . (3.23) 

2{Iuit) z 

We shall choose this K(a, a) as our Kahler potential for zero modes. 

The symplectic potential corresponding to Q,( T ' can be expressed as 

( T) _ irk r fuJofli _U]_, _ LQia2 _^2_, \ 

4(Imr) 2 Jz,z \ Imr Imr " Imr Imr / 

— ^(a\da 2 + a 2 dai) . (3.24) 



4(Imr) 

Notice that we can interpret A^ T > as a U{1) gauge potential on torus. In 
this sense, the transformations (3.5) serve as gauge transformations. From 
(3.11) we find that a variation of A^ T > under a — >■ a + m + nr is given by 

A (r) _+ A (r) + dAmn (3.25) 

Am,n = -«7TF ( ma i ~ na 2) ■ (3-26) 

21mr 
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Gauge invariance of the wavefunction ^f[a] in (3.17) is then realized by im- 
posing 

e iAm ' n *[a] = ^[a + m + nr}. (3.27) 

This leads to the following relation 

f(a) = e" inkmn f{a + m + nr) . (3.28) 

Therefore the holomorphic function /(a) is invariant under a —> a + m + nr, 
given that the level number k is quantized by even integers, i.e., 

k G 2Z. (3.29) 

This level-number quantization condition is well-known for the toric U{1) 
Chern-Simons theory. Here we have reviewed this fact in the context of 
geometric quantization. 

An inner product of the holomorphic wavefunctions can be expressed as 

(1|2) = J d»(a, a) e- K ^ J^ajf 2 (a) (3.30) 

where d/j,(a, a) = [dada] denotes the integration measure of the zero-mode 
variables up to normalization and fi(a) is the complex conjugate of the 
function fi(a). Action of the derivative ^ on f(a) leads to a factor of j^fO- 
This is a natural consequence of geometric quantization with our Kahler form 
(3.18) that implies the "phase space" of the zero-mode variables is given by 
( Y—a,a). Thus, regardless the choices of Kahler potentials, we always have 
the operative relation: 

Imr oa 

Notice also that the holomorphic wavefunction ^f[a] and its inner product 
(3.30) completely specify the toric U(l) Chern-Simons theory as a topological 
quantum field theory. 

Realization of linking numbers 

The level- number quantization (3.29) is derived form the invariance of 
the holomorphic function f(a) under a — > a + m + nr. In quantum the- 
ory, however, physical observables are given by the square of wavefunctions. 
Thus, in the present case, |/(a)| 2 is physically more interesting and, in this 
sense, we can relax the condition (3.29). This allows us to set the level 
number (k G N) to 

fc = l. (3.32) 
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If A; > 1, we can absorb it into one of the winding numbers, say m. The 
"phase factor" exp(iirkmn) in (3.28) then becomes 



(-1)' 



-1) 



lk(a m ,/3 n ) 



(3.33) 



where we introduce the notation lk(a m , f3 n ) because the value mn, as seen 
in a moment, can naturally be interpreted as a linking number of a and j5 
cycles; remember that m and n respectively denote the winding numbers of 
these cycles on torus. 





m — 1 



m- 



Figure 1: How the a and f3 cycles are entangled with each other in the cases 
of linking number m = 1,2. The arrows correspond to the (positive) sings 
of m. 



In defining the linking number, we can in fact fix one integer, say n, 
because we can always unravel one cycle so that the entanglement of two 
cycles can be measured by a winding number of one cycle around the other. 
We therefore fix the value of n to identity 



n 



1. 



(3.34) 



Indeed, as seen in Figure 1, the linking number of a and f3 cycles can be 
defined by m = lk(a m ,/3). The relation (3.28) is then reduces to 



/(a) 



-l)"7(a + m + Tmr). 



(3.35) 
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4 Zero-mode contributions to the abelian holon- 
omy operator 

Construction of @r^(z, a) 



We now apply the results in section 3 to the abelian holonomy operator 
©fl,7(z) which has been defined in (2.23). Our strategy is to incorporate 
multiple zero-mode variables ai (i = l,2,---,n) into Qr^(z) by use of an 
abelian gauge theory. Thus we first consider the covariantization of the 
comprehensive "photon" field A: 

A -> A = A + AW (4.1) 

where A^ T > is an analog of A for zero modes. We can then define A^ T > as 

A« =£4%- (4.2) 

i<j 

where cuij are the logarithmic one-forms given in (2.5) and A[- is a bialge- 
braic operator for zero modes. In the following, we shall determine possible 
forms of A}-' . 

As discussed in (3.14), we can parametrize a holomorphic gauge field of 

zero modes as 

Tia 
A z = - — w • (4.3 

Imr 

From (3.31) we know that the factor j^p, acting on functions of a, can be 

replaced by a derivative operator d a . Notice that the derivative operators do 

not have to obey the SL(2, C) algebra. This is a crucial difference from the 

photon-creation operators a\ '.In fact, by introducing a conjugate operator 

d a which corresponds to a, we find that these operators obey the following 

bosonic algebra: 

[d ai ,d aj ] = S tj , [d ai ,d aj ] = [d ai ,B aj ] = . (4.4) 

An analog of a number operator can be defined by 

Ni = B ai d ai (4.5) 

which satisfies 

[Ni, d aj ] = Sijda, , [N h d aj ] = da.Sij . (4.6) 
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In the context of geometric quantization, Ni corresponds to the area of the 
i-th phase space (jjfi,Oj). In this sense, we can also consider the bosonic 
algebra (4.4) as an analog of the Heisenberg algebra. As in the previous 
case, from this algebra it is natural for us to assume the form of A£' as 

4? = Ni® d aj + N t ® B aj . (4.7) 

In defining the holonomy operator for A, all what we need is to show the 
infinitesimal braid relations, i.e., 

[Aij,Aki] = (i, j, k,l are distinct) (4-8) 

Aij+Ajk,Aik = (i,j, k are distinct) (4.9) 

As in the case of A, the first relation is obvious since any commutators of two 
operators that have distinct numbering indices vanish. Thus it is sufficient 
to show the second relation and this can easily be checked as follows. We 
first expand [Aij , A^] as 

[Aij , Aik\ = [Aij + A- , Aik + A ik J 

= [Ay, A*] + [A l3 ,A%] + [A%\ A tk ] + [A$,A$] (4-10) 

Each of these terms can be evaluated by using the definition of a commutator 
for bialgebraic operators 

[q (8) di,Cj <8> dj] = [a, Cj] <g> di ® dj 
+ Ci(g> [di,Cj] <8> dj 

+ c i ®c j (g)[di,d j } (4.11) 

where q and di (i = 1, 2, ■ ■ ■ , n) denote arbitrary operators; these are usual 
algebraic operators. As shown in [3], the first term vanishes: 

[Aij, A^] = K (+) ® of , aj _) of] + [oi _) a^^a^ ® of] 

= 2of ® of ® of - 2of ® of ® of = . (4.12) 

Since iVj and a\ commute, the second and third terms vanish. Further, 
from the definition (4.7), we can easily find 

[AW , A\l>] = [Ni ® 8 aj +Ni® B aj , Ni ® d ak +Ni® B ak ] = . (4.13) 
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Similarly, we can easily find [Ajk, A^ 
iW A {r) 



by using [af\d ak ] = [af\d ak ] = 
and [A^fJ , A^ k '] = 0. The first equations are obvious since a k is independent 



of zero modes. The second relation can also be checked by 

: [Nj d ak + Nj a ojfc , JVi ® d ak + N t 5 a J 

^ ATj JV» [d afe , d a J + TV,- iVi [<9 afc , d ak \ 



[Ajk > Afc ] 



0. 



(4.14) 



Therefore the infinitesimal braid relations (4.8), (4.9) indeed hold and we 
can properly define the holonomy operator for A: 



®R,~/(z,a) = Tr^Pexp 



Y^ f A A A A ■ ■ ■ A A 

r>2 J "/ " r "" 



(4.15) 



Utilizing the form of (4.7), we can calculate [^12,^23] as 
[A 12 ,A 23 ] = [A 12 ,A 23 ] + [4?,Ag] 



[A { $,A 2 T J] = Nx d a2 d az + JVi d a2 B a3 

-Ni B a2 8 a3 -Ni® B a2 5, 



a 2 yy w a :i 



(4.16) 



where [^.12,^.23] is given by (2.19). Thus, as in the case of (2.20), the expo- 
nents of (4.15) with path ordering P can be expressed as 



PJ2 f A A A A • • • A A 

r>2 " / T " r ' 

00 . 

Y f Al2A~23 ■ ■ ■ A rl W12 A W 2 3 A • • • A U r i 



r>2 J 1 



E 



E (-1: 



hi+h,2-\ \-h r 



Ar+1 
r>2 (hi,h2,-,hr) 



(a[ hl) af 2) • • • 4 hp) + d ai ® 5 a2 <8> • • • <g> a ar 

+ (terms involving 9j's) 



X ® U>12 A 1^23 A • • • A W r l 

'7 



(4.17) 



where, in analogy to (2.21), we define iVi <9 a2 <9 a3 • • • d ar d ai as 
2^oi, JVi] 9 a2 9 a3 • • • d ar = -d ai d a2 d a3 • • • d ar . (4.18) 
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The expression shows a natural extension of the original form (2.20). It gives 
a hybrid version of a\ s and d ai 's. Thus we may consider the holonomy 
operator On^(z,a) with (4.7) as a natural generalization of @r^(z) with 
zero mode variables. In practical calculations, however, we need to take 
account of the double periodicity of Zj's and a^s. We shall analyze this 
point in a moment but before doing so let us consider another possibility for 

(t) 

the choice of A)- which turns out to be more useful for the calculation of 
the zero- mode part of @r^(z, a). 

Notice that we make the terms that involve d^s in (4.17) implicit since, 
as discussed in the previous section, any physical observables of zero modes 
are described by holomorphic functions in terms of Oj's. In other words, the 
conjugate derivatives d ai 's are auxiliary operators. Motivated by this fact, 
we can assume another form of A- ■ ' : 

A$ = h ® 8 aj . (4.19) 

where lj is an identity that acts on the i-th. Fock space V%. We may make the 
dimension of lj the same as that of the SL(2, C) representation p; thus this 
identity is equivalent to those that appear in (2.8). By construction, Aij and 
A\j decouple to each other. In fact, A[- can be interpreted as a c-number 

(t) 

operator since the constituents of A\-' are now given by c-numbers. This 
is obvious from the fact that the derivative operators <9 a . can be replaced 
by j^p. In other words, there is no algebraic structure in A[- since it 
involves only the holomorphic derivatives. This means that the commutator 
[A\j + Aj k , A> fe '] obviously vanishes. Thus the infinitesimal braid relations 

for A = A + A^ T > automatically reduce to those of the "pure-gauge" potential 
A under the choice of (4.19). Therefore we can also define the holonomy 
operator in the form of (4.15), with A^-' now redefined by (4.19). 

As long as we follow our definition of path ordering P discussed in (2.16)- 
(2.22), the holonomy operator B/j j7 (z, a) automatically reduces to the pure- 
gauge operator 0# i7 (z). This can easily be seen from the fact that the 
commutator L4i2,Ao3]> reduces to [^12,^23] for the choice of (4.19), being 
in comparison with (4.16). Thus, in the present case, we need to relax the 
meaning of the path ordering P in order to extract zero-mode information 
out of @R t -y(z, a). Remember that we have determined the path ordering 
P such that it is suitable for the bialgebraic operators of photons Aij = 
a[ +) af ] + af ] ® af where a[ ±] , af ] obey the SL(2,C) algebra. The 

(t) 

zero-mode bialgebraic operators AV = It ® d a . are, however, essentially 



ij 
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given by the differential operators d a . which are free from the SL(2, C) 
algebra. Thus it is natural to relax the meaning of the path ordering P 
for the calculation of zero-mode information out of the holonomy operator 
if we stick to the definition (4.19). (The change of algebraic properties in 
@jl rf (z, a) also suggests that the zero-mode part of @R r/ (z, a) is no longer a 
holonomy of conformal invariance but rather that of scale invariance.) In the 
following, we shall redefine the path ordering P such that we can suitably 
extract the zero-mode part of @r j7 (z, a), which we shall denote by 6^ (z, a) 
from here on, with A\-' having the form of (4.19). 

Extraction of Q^ (z,a) 

Partly related to the redefinition of the path ordering, there is a cru- 
cial condition for the calculation of Oij i7 (z,a), i.e., the double periodicity 
condition (3.1) for z^s. Remember that the complex coordinate on torus is 
parametrized by z = £i + r^2 where < £ r < 1 (r = 1, 2), with £ r = and 
£ r = 1 being identified. Since we set Rer to zero, the complex coordinate is 
then expressed as z = £i + ilmr^. This means that z can be parametrized 
by £i if we suitably scale Imr or absorb £2 into the definition of Imr. Namely 
the imaginary part of z can be controlled by Imr. Thus, in our settings, z 
is essentially parametrized by < £1 < 1. 

For an n-particle system, we have n such parameters Z{ (i = 1,2, • • • n). 
Owing to the braid trace in 0# i7 (z,a), the holonomy operator preserves 
permutation invariance over the numbering index i. Thus, without losing 
generality, we can impose the ordering condition 

< z x < z 2 < ■ ■ ■ < z n < 1 (4.20) 

where we consider Zj's as real variables. In the following, we assume this 
condition unless mentioned otherwise. The number of elements for the per- 
mutation or the braid group B n is n — 1. Thus we can fix one of Zj's, say 
z\ = 0. Since the boundary values are identical, this means that we can 
further fix z n to z n = 1. Namely, we shall impose 

Zl = 0, z n = l (4.21) 

on top of the ordering condition (4.20). This suggests that the path integral 
in 0k j7 (z, o) can be carried out along the path 7 defined by the line segment 

7 = [0, 1] (4.22) 
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embedded in a complex plane. This does not contradict with the fact that 
the path 7 is defined on the physical configuration space C = C n /S n since 
2j's are now all on 7 = [0, 1]. Because the boundaries of the line segment are 
identical, the path 7 also represents a closed path. 

The condition (4.21) is very stringent. For example, applying this to the 
logarithmic one- form cuij = dlog(zi — Zj), we find 

Wlj = dZl ~_ **> = ^ ee uf , (4.23) 

Zl Zj Zj 

u nj = **^ = ^L = u f>. (4.24) 

Z n Zj 1 Zj 

Our strategy is to express the zero-mode part of the holonomy operator, de- 
noted by @rL(z, a), in terms o/w:- and to- . As in (2.17), the exponent of 
0^ j7 (z,a) can be expanded as 

00 „ 00 „ r 

J2 f AAAA---AA = J2f E AiiAi2 ■ ■ ■ Kir A "idk (4-25) 

r>2 J7 r r>2 J "l (i<j) fc=l 

where 7 is specified by (4.22) and (i < j) means that the set of indices 
(ii,ji, • • • ,i r ,jr) are ordered such that 1 < i± < j\ < r,- • -,1 < i r < j r < r. 
As mentioned earlier, action of the path ordering P which has been defined 
in (2.18) does not give zero-mode information. In order to obtain the zero- 
mode information, we now introduce a new path ordering p( r ) defined by 



P^ 22$ A A. 

r>2 J "f 


4A--- A A 

r 




J2 <f A12A3 ■ ■ 

r>2 J t 


■ Ai r A r i UJ12 A W13 A • • 


• A 0J\ r A u r i 


J2 i A12A13 • • 
r>2 J 1 


• Ai r A r i J^ A ^ A • 


■■A^Awf 1 



(4.26) 

The symbol P( T > means that, on top of the initial condition (i < j), the 
indices («i, ji, • • • , i r ,jr) are further constrained by i\ = ii = ■ ■ ■ = i r -\ = 1, 
i r = r, and 2 < j\ < j'2 < • • • < j r < r + 1 where r + 1 is to be identified 
with 1. The ordering rule for j's is the same as that of P; the difference lies 
in the specific fixing of i's. Notice that these extra conditions automatically 
lead to the above expression (4.26). 

We now argue that the new path ordering P( T ' in (4.26) automatically 
leads to the zero- mode holonomy operator. As mentioned below (4.19), 
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(t) 

A\-' = lj (S> d a . can be treated as a c- number operator which decouples 

with A i:j = <^ +) <g> a^ 0) + a| -) ® a^ 0) . Thus the factor of A 12 A 13 • • • A lr A rl 
in (4.26) is split into the photon part ^4i2^4i3 • • • Ai r A r i and the zero-mode 
part A ^ ^4 13 ■ ■ ■ 4r 4i ' . The vanishing of the photon-part can be shown 
by the commutation relation 

[Au, A 13 ] = [a[ +) ® af + a£ _) ® af, a[ +) ® af + a£ _) ® af] 

= 2aS 0) ® 4° } 4 0) - 24 0) ® 4° } ® af = . (4.27) 

On the other hand, the zero- mode part A\ 2 A\s ■ ■ ■ 4r 4 1 gi ves a c- number 
operator acting on the Hilbert space V® r = V± ® Vi ® ■ ■ ■ ® V r for zero modes. 
Thus we can interpret this part as an coefficient of the loop integral in (4.26). 
Explicitly this factor can be calculated as 

4? 4? • • • 4? 4? = d a2 ® d a3 ® • • • <g> 8 ar ® d ai . (4.28) 

This statement is intuitively correct but is not mathematically rigorous 

(t) 

since, if we treat A\-' as a bialgebraic operator which we do in defining 

the (de)coupling between A^ and 4J > ^ ne commutator of 41 s obviously 
vanishes and, as in (4.27), we can argue that the zero-mode part of (4.26) 
also becomes zero. This problem originates from the fact that the physi- 
cal operators in holonomy formalism obey the SL(2,C) algebra. For the 
zero-mode variables, however, there are no nontrivial algebraic symmetries 
built-in as long as we use only the holomorphic part of the variables. In 
this sense, the zero-mode holonomy operator does not represent a holonomy 
operator of conformal invariance but rather scale invariance. Thus it may 
be necessary to consider the commutator of A\- s in constructing the full 
holonomy of A = A + A^ T ' . But if one is interested in purely the holonomy 
of A" T \ it is sufficient to interpret AfJ as a c-number operator. 

Having said these rather intuitive justifications, we now present a more 
satisfactory solution to the above problem, that is, the problem can be fixed 
by imposing an antisymmetric property on the derivative operators. Since 
derivatives are commutative, it seems impossible to impose such a condition. 
However, in the calculatory process in (4.26) it can be done by introducing a 
coupling of the derivative operator d a . with a Grassmann variable rjj . This 
variable is a ghost variable that appears only in the middle of calculation 
and will be integrated out at the end of calculation. The operator A^ is 
then rewritten as 

4? = li ® / dVj rijd aj =l t ® 8 aj (4.29) 
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(t) 

where rjj is the Grassmann variable. The final expression of A\ ■ remains the 
same but the above redefinition means that we make it a rule to carry out 
the Grassmann integral at the end of calculation. Thus with an introduction 
of the ghosts, we can calculate the quantity Ai~ 2 A{~ 3 as 



^l-^r? = / dr] 3 dm U <8> d a2 <8> d aa 7/2773 



= - / dr] 3 dr]2 h <8> d a2 <g> <9 as (772773 - mm) 
= h®d a2 ®d a3 . (4.30) 

Similarly the factor the (4.28) can be expressed as 

4? 4? • • • A iJ A n = J[ dr i\ d a2 ® d a3 ® • • • <g> d ar ® d ai mm ■ ■ ■ mm 

= d a2 ®d a3 ®---® d ar ® d ai (4.31) 

where [drj\ = dr]idr] r dr] r -i • • • dm- This shows that the use of (4.29) guaran- 
tees that the zero-mode part of (4.26) gives non-vanishing contributions even 
though d ai is a c-number operator. Thus the expression (4.26) can further 
be calculated as 



p (t) J2 i A A ■ ■ ■ A A 



r>2 J T 



J2 9 «2 ® d a . A ® • • • ® 9 ar (g) 9 01 * wj 0) A w t 5 0) A • • • A c4 0) A wj 1} . 



r>2 



(4.32) 



As discussed above, this result can also be obtained by direct use of (4.28). 
The introduction of the ghost variables is redundant in this sense but they 
are necessary if one is interested in how the zero-mode contributions incor- 
porate into the abelian holonomy operators of conformal field theory. In 
what follows we are interested in only the zero-mode part of the holonomy 
operator. Thus we shall leave these calculatory issues aside in the rest of the 
present paper. 

Integral representation of Riemann's zeta function 

We now consider the integral part of the expression (4.32). This integral 
can be understood as an iterated integral of the following one-forms: 

u,W = ^ = h(t)dt (4.33) 
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^ (0) = j = f (t)dt (4.34) 

where (£7= [0,1]. It is known that the polylogarithm function Lifc(z) can 
be represented by an iterated integral in general [1]. For the case of Li2(l) 
this can be given by 

where we use the definition of the iterated integral 

^ ^ (1 U 0) = f o (^° /i(ti)dti) Mto)dh . (4.36) 

In general, higher-order iterated integrals in terms of one-forms 

Wi = fi(t)dt (i = l,2,--.,n), tG 7 , (4.37) 

are defined by 



wiw 2 ■ ■ • w n = / h(t 1 )f2(t 2 ) ■ ■ ■ f n (tn)dtidt 2 ■ ■ ■ dt n (4.38) 

7 •'An 

where A n is given by 

A n = {(ti,t 2 ,---,t„)GR n I 0<h<t 2 <•••<*„ <1} . (4.39) 

Using the definition, we can generalize the expression (4.35) to obtain 

Li fc (l) = f 1 W W a,Wa,W-a,W = £ -1 = C (fc) . (4.40) 

where £(fc) is Riemann's zeta function. 

Comparing our construction of § u^ A W3 A • • • A wf Awj along with 
(4.20)-(4.24) to the above definition of iterated integrals, we find that the 
loop integral can be calculated as 



(-lr'/^A^A^A-Awl ) 

(-l) r f oj ( - 1) J 0) J 0) ---oj ( -°\ = (-l) r CW (4.41) 



r-l 
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where we follow the notation of (4.38) in the last line. The zero-mode holon- 
omy operator is then expressed as 



e^(z,a) = Tr fii7 pWexp 



Y^ f A A A A ■ ■ ■ A A 



(4.42) 



where an explicit form of the exponent is given by 
PM J2 <f AA- - -AA = Y^ d a,®da 2 ®da 3 ®---® d ar (-l) r C(r) . (4.43) 

r>2 T r r>2 

In the abelian case, the trace Tr# ]7 is represented by a braid trace. As 
in the expression (2.22), this is given by a sum over the permutation of the 
numbering indices. We shall recapitulate the final form Q^Jz, a) = S# 7 (a) 
at the end of this section (see (4.51)). 

Generalization of linking numbers 

The vacuum expectation value (vev) of the zero-mode holonomy operator 
@r{,(z, a) or that of @r :J (z, a) in general can be considered as a holomorphic 
function of (a±, ct2, ■ ■ ■ , a n ). Thus, if we consider gauge transformations of 
these variables, i.e., 

a,i — > di + rrii + ilmr , (4.44) 

we can certainly obtain analogs of linking numbers rrii (i = 1, 2, • • • , n) out 
of ®R n {z,a); in what follows we shall use 0/j )7 (z,a) for simplicity but this 
can always be replaced by @^ (z, a). The corresponding holomorphic wave- 
function, which is analogous to (3.17), is then written as 

HL4] = e W (-JT K{a ^ a A (Gr^z; a t , a 2 , ■■■,a n )> (4.45) 

where we make the a^-dependence explicit. The bracket (•) indicates that 
operators inbetween are evaluated at the vacuum state of the system which 
is define on the Hilbert space V® n for zero modes. The Kahler potential 
K(ai,<ii) is defined in (3.23). The polarization conditions for EL4] are given 
by 

(da. + ^d ai K( ai ,ai)j E[A] = (4.46) 

for arbitrary i's. 
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The holonomy operator gives a monodromy representation of the KZ 
equation. Thus it provides a general solution to the gauged KZ equation 

(d-A)V(z;a 1 ,a 2 ,---,a n ) = (4-47) 

which is a differential equation analogous to (2.10) with A = A + A" T >. 
This KZ equation is holomorphic in a^s, while the polarization condition 
(4.46) is not. Thus, although these equations have similar structures, there 
is no direct way to connect them. Note that Zi and a» are both coordinates 
on a torus, however, the former is a coordinate of the Riemann surface on 
which two-dimensional conformal field theory is defined, while the latter 
denotes a physical variable of zero modes on torus. Thus physical meaning 
of the complex variables Zi, a>i are distinct. This also explains the qualitative 
difference between the equations (4.46) and (4.47). 

Now, applying the result of (3.35), we find the relation 

(Qr^Z, a)) = (_!)-! +m 2+ ...m n {Qr ^ a + m+ . Imr)) (448) 

where rrii are integers and @r i7 (z, a + m + ilrar) is defined by 

0r i7 (z; a\ + m\ + zlmr, 02 + rri2 + ilmr, • • • , a n + m n + ihnr) . (4.49) 

As in the previous case, this relation can be checked by the gauge invariance 
of the holomorphic wavefunction H[A] = E(z, a) under m — > a>i + ?rtj + riiT 
with m = 1, Rer = 0: 



e 



'^'^(z, a) = H(z, a + m + Tmr) (4.50) 



where A TOi! i is defined in (3.26). Notice that, as it will be obvious from the 
context, a\ and 02 in (3.26) do not denote zero-mode variables for i = 1,2 
but correspond to the complex variables defined in (3.10) for arbitrary i's. 

The relation (4.48) gives a straightforward generalization of (3.35). This 
means that we can consider the sum mi + m,2 + • • • + m n in (4.48) as a 
generalized linking number. As discussed earlier, we can interpret rrii as a 
linking number of the a and (3 cycles of the i-th torus on which the zero- 
mode variable ctj is defined. The fact that we fix n« to 1 for arbitrary i's 
suggests that we may use a common j5 cycle for each of rrii's (see Figure 2). 

Summary 



2N 




Figure 2: How a cycles entangle with the common (3 cycle. The sum mi + 
rri2 + • • • + m n in (4.48) can be interpreted as a generalization of linking 
numbers in the abelian holonomy formalism. 



As a summary of this section, we recapitulate the resultant expression 
for the zero-mode holonomy operator 0^" (z, a) below. 



©£,(*.«) 



Tr^P^exp 



E f A A A A ■ ■ ■ A A 

r>2 J ~t " r '" 



Tr Rj7 exp 



E d "i ® ^2 ® ^3 ® • • • ® 5 a r (-l) r C(r) 



r>2 



exp 



E E ^i®^ CT2 ®3 aCT3 ®---®a aCTr (-irc(r) 

r>2 cxGS, — i 



- ©£» 



(4.51) 



(7 



where a denote permutations of the numbering elements {2, 3, ■ ■ ■ , r}, i.e., 

/ 23--T 

^ (T 2 (T3 ■ ■ ■ a r 

respect to the zero- mode variables aj. These operators appear in the defini- 
tion of the comprehensive gauge field A: 



d ai (i = 1, 2, • • • , r) are the derivative operators with 



A = A + A {r) , 



(4.52) 
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am = Yl 4W ( 4 - 53 ) 

l<i<j'<n 

4? = !i®^ (4.54) 

where A is defined in (2.24)-(2.26). Gauge transformations of aj, i.e., a,{ — > 
a,i + mi + ilmr, in the vacuum expectation value of & R (a) leads to the 
relation 

n 

<6 W 7 (a + m + ilmr)) = nt" 1 )™ 1 <©g>)> ( 4 ' 55 ) 

i=\ 

where the argument in the left-hand side means the same as that in (4.49) 
and rrii £ Z (i = 1, 2, ■ ■ ■ , n) can be interpreted as a linking number between 
the chj cycle and the common (3 cycle (see Figure 2). As mentioned in the 
introduction, the concept of linking numbers can be related to the Legendre 
symbol of elementary number theory. Motivated by this fact, in the next 
section we shall consider @^' (a) in a space of finite field F p where p is an 
odd prime number. 



5 Application to the elementary theory of num- 
bers 

In this section we consider application of the zero-mode holonomy operator 
to a space of finite field F p . As mentioned in the introduction, our strategy 
is to use Morishita's result (1.1) on the analogy between knots and primes. 
We first review this result and related materials in number theory which are 
of direct relevance to later discussions. 

Linking numbers, Legendre symbols and Jacobi symbols 

For convenience and refreshment, we start writing down the result (1.1) 
again [15]: 

\lk(q,p) _ (1 



(-iy^i>p) = (2_j (5.i) 

where lk(q,p) is an analog of a linking number (mod 2) of two distinct odd 
primes, p, q, and ( — J is the Legendre symbol defined in (1.2). The value of 

q-l 

q* is given by q* = (— 1) 2 q } i.e., 

q ~Ur ~l -Q ? = 3(mod4). ^ 
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The Legendre symbol satisfies the reciprocity law 

'q*\ (p 



v J \qj 

In terms of lk(p,q), this can also be written as 

lk(q,p) = lk(p,q*) = lk(p*,q). (5.4) 



Now, denoting the Legendre symbel ( %- j by X p (q*), we can express the 
Gauss sum as 



p-i 

;2TT 



a p = Yl \( x ) e% p x ( 5 - 5 ) 



1=1 



where x £ F* = F P — {0}. It is well-known that the Gauss sum becomes 

A P = V^={ v ^ P "_ 1 Q (m0d A ; M) 



iy/P V — 3 (mod 4) 
For example, A3 and A5 can be calculated as 



■ 27T ■ 47T 



X 3 = e^- e *it=iV3. 



■2lT • 47T • 67T 



A 5 = e 5 - e 5 - e 5 + e 5 = v5 . 



(5.7) 



This means that the Gauss sum takes a value of complex number and that we 
can interpret the Legendre symbol as a map A p : F^ — > C. The Gauss sum 
(5.5) can then be interpreted as a Fourier transform of X p (x) in a space of 
mod p [16]. This interpretation is interesting but there is a caveat. Namely, 
we may need to deal with a sum over all odd primes in order to calculate 
the inverse Fourier transform, which is practically impossible. However, 
calculation of the Gauss sum (5.5), per se, does not involve such a sum 
and it will be useful to consider (5.5) as a Fourier transform particularly 
in applying a field-theoretic approach to elementary number theory. In this 
context, the "phase space" of interest is given by f y,x with x G F£ . In 
a language of quantum field theory, this suggests that the Legendre symbol 
\ p (x) can be interpreted as an operator in an x-space representation, i.e., an 
operator in a space of mod p. In the same sense, the Gauss sum X p can be 
regarded as a conjugate operator, that is, we can interpret \ p as an operator 
in a space of ^ which is conjugate to the space of F^ . Thus it is presumably 

natural to interpret A p as an operator that is relevant to creation of primes. 
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We shall follow this idea later in application of the zero-mode holonomy 
operator to number theory. 

A generalization of the Legendre symbol does exist and it is called the 
Jacobi symbol. Let TV be an odd positive integer whose prime factorization 
is given by 

N = pTpT ■■■p e a '. (5-8) 

Then the Jacobi symbol is defined by 

v \ ( y\ ei ( vY 2 ( y x ' 



Correspondence between knots and primes 



--■ s , ^ , , , (5-9) 

NJ \PlJ \P2J \PsJ 

where y denotes an arbitrary integer. In terms of X p (y), this can also be 
expressed as 

(I) = \M ei \M e2 ---^M es -=vM- (5-io) 

It is known that the Jacobi symbol also satisfies the supplementary and reci- 
procity laws which are essentially the same as those of the Legendre symbol 
(see, e.g., [16]). In number theory, the Jacobi symbols are particularly useful 
in calculation of the Legendre symbol ( f ) where p is a large prime number. 



We now consider the zero- mode holonomy operator & R (a) in a space of 
Fp , utilizing the above results. As discussed above, quantum theoretically 
the Legendre symbol can be interpreted as an operator in this space. On the 
other hand, the operative construction of @^i(«) is summarized in (4.51) 
and its vacuum expectation values satisfy the relation (4.55). Thus a natural 
way to carry out our analysis is to interpret the factor of (— l) mi in (4.55) 
as a Legendre symbol. 

As discussed in (3.33), a linking number of the oti and /3j cycles can be 
defined by 

m i n i = lk{a™\ft i ) (5.11) 

where rrii and rii are the winding numbers of on and /% cycles, respectively. 
We make the latter being fixed to nj = 1. Furthermore, as shown in Figure 2, 
we have made /3j identical for arbitrary i's. Thus in our settings the winding 
number rrii can be written as 

m i = lk(a™ i ,P). (5.12) 
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In this section, we further impose 

nii = 1 (5.13) 

so that we can single out the linking number of the on cycle and the common 
(3 cycle in the following form: 

(-l) mi L i= i = (-lf (Qi ^- (5-14) 

According to Morishita's analogies between knots and primes, the a, and /3 
cycles correspond to odd prime numbers. Thus we may express the above 
quantity as 

(-l) lk{a ^ = \p(a*) = KM 
= (-l)'*0»,«f) = Aaj09 . ) = A/j(o?) (5.15) 

where we use (5.4). These relations hold when on and (3 are all odd prime 
numbers. Notice, however, that we are going to consider the Legendre sym- 
bol as a function of x £ F* As we mentioned earlier, we shall consider 
the Legendre symbol as an operator of x £ F* eventually (see (5.27)); here 
we shall make a classical analysis for the moment. Since the elements of 
Fp include non-prime numbers, the relations (5.15) are not quite applicable 
to our settings but they do suggest that we have several (essentially two, 
as discussed below) interpretations to the Legendre symbols in terms of the 
correspondence between knots and primes. For example, using the relation 
(_iy fe ( a i:/3) = A Qi (/3) in (5.15), one can interpret a^ as an odd prime num- 
ber and f3 as an integer in F*.. Another example is to use the relation 
(_xy fc (/3*. a i) = \p*(a.i) and to interpret Qj as an integer in F2» and /3 as an 
odd prime number. 2 By a suitable choice of ai and /3, we can in fact clas- 
sify the Legendre symbols of (5.15) into two types, e.g., X ai {fi) and \p*((Xi), 
depending on the ordering of q« (or a*) and (3 (or /?*). 

Using the interpretation of (— l) /fc ( a *>^) = A Qi (/3), we now illustrate a 
simple connection between the Jacobi symbol and the vacuum expectation 
values of the zero-mode holonomy operator. For the choice of nii = 1, the 



2 Note that for p = 3 (mod 4), we have p* = —p. Thus we may not properly define the 
Legendre symbol \ p *(x) (x £ F*,). However, as far as the calculation of the Gauss sum 
(5.6) is concerned, we can properly define it with p* . We shall discuss this point later in 
(5.36). 
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factor of (— 1)" H becomes A ai ((3). Thus the relation (4.55) can be written as 
(eg/a + 1 + amr)) = f[ X ai (P) (e«(a)) 

= i»,(/J)<eS(«)) (5.i6) 

where we use the notation (4.49) and rj Nl (/3) is the Jacobi symbol, with 
ckj (i = l,2,---,n) and /? denoting odd primes and an arbitrary integer, 
respectively. iVi is an odd integer defined by 

Ni = a\a2 ■ ■ ■ a n . (5-17) 

The general form of the Jacobi symbol, in the form of (5.10), can also be 
obtained by relaxing the choice of winding numbers n% £ Z. Let elements of 
{Pi,P2,---,Ps} be 

{pi,P2,---,Ps}€{ai,a2,---,(Xn} (s<n), (5.18) 

say, {pi,P2, ■ ■ ■ ,p s } = {<x'ii <*2i " ' i a 's\ ■> an d let the corresponding winding 
numbers of the (5 cycle be 

{ei, e 2 , ■ ■ ■ , e s } € {m, n 2 , ■ ■ ■ , n n } , (5.19) 

say, {ei, e2, ■ ■ ■ , e s } = {n^n^, • • • , n' s } (s < n), with the rest of n^'s being 
zero. In this case, non-vanishing "phase factors" in (4.55) are given by 



,lk( a > p p i) _ x i(R n 



W^Yik) (5 ' 20 ' 

(j = 1, 2, • • • , s < n) where we use the multiplicative property of the Legen- 
dre symbols 

' T) = (I) (f ) • (5 - 21) 

Then the general form of the Jacobi symbol arises from the vacuum expec- 
tation value of the zero-mode holonomy operator as follows: 

(^(a + l + ^lnW)) = A a; (^riA 4 (^---A Q ,(^(eg 7 (o)) 

= VAP) (eg^a)) (5.22) 
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(r) 



where we use (5.10). The argument of @^L(a + 1 + s/— ln'Imr) means that 
rrii = 1 and n'- = 1, with the rest of n^'s being zero. N is an arbitrary odd 
integer represented by the prime factorization 

N = a'<a' 2 n '* ■ ■ ■ a'< = pfp? ■■■pf. (5.23) 

This shows that, even at classical level, we can extract information on prime 
factorization of integers (or irreducible representation of integers) in terms of 
the zero-mode holonomy operator applied to the knot-prime correspondence. 
Thus the result (5.22) illustrates a classical realization of the concept in (1.5). 
In what follows, we shall consider quantum aspects of this concept. It will 
turn out that the quantum aspects are something more profound than the 
classical ones discussed above. 



Quantum realization of linking numbers 

From the relation (3.31), we find that the operator d ai in Q R (a) can 
be replace by j^rfli in the aj-representations. Under the transformation of 
0,% — > a,i + rrii + ilmr, this factor changes as 

7T_ 7T n7T_ / rrii \ 

ai — > [CLi + mi — ii-var) = a« — m I 1 + i- . (5.24) 



Imr Imr Imr \ Imr/ 

Substituting this relation into (4.55), we find 

(-l) m < o ( e -' l < l+i ^)) . (5.25) 

By the choice of rrii = 1 as in (5.14), this relation reduces to 

(-irU=i = (-l) ,fc <""0 o ((-l) 1+ ^) . (5.26) 



Since Imr is simply a real parameter, the vacuum expectation value in 
(5.26) does not make sense unless we consider the factor (—1) as some op- 
erator. Naturally, this operator can be identified with the Legendre symbol. 
This will be obvious from the correspondence between knots and primes dis- 
cussed in (5.14) and (5.15). As mentioned below (5.15), there are essentially 
two interpretations to the Legendre symbols in connection with the linking 
number. Here we shall consider the following two cases: 

( " 1)= 1 (-l) lk ^^ = X^(a t ). (5 - 27) 
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The first interpretation is to consider «j as an odd prime number and /3 
as an integer (x G F*.), while the second one is to consider /3 as an odd 
prime and on as an integer (x G F2*). The first case involves multiple prime 
numbers for i = 1, 2, ■ ■ ■ , n and this will lead to give a quantum or operative 
version of the relation in (5.16). On the other hand, the second case involves 
a single prime number and this case will be more convenient to deal with 
"dynamics" of primes in the zero-mode holonomy formalism, particularly 
in relation with Riemann's zeta function. In the following, we shall study 
details of these considerations. 

Analogs of scattering amplitudes for prime numbers 

We begin with the first case of (5.27). From (4.55) and (5.26), we can 
express the "gauged" abelian holonomy operator @rL(cl + 1 + ihar) as 

®R, 7 ( a + 1 + «Imr; a i; ft) 



Tr^ i7 exp 



E (A Ql (/3)A a2 (/3)...A Qr (/3)) 1+ i^ 

r>2 

d ai ®d a2 ®---®d ar (-iyar) 



exp 



E E v» 1 (P) 1+ ^da 1 ®d av2 ®d aa3 <8>---<8>d aar (-irar) 

_r>2 er€<S r -l 



(5.28) 



Here N\ is given by Ni = a\a^ ■ ■ ■ a r , with ckj (i = 1,2, ■ ■ ■ ,r) denoting 
distinct odd prime numbers. An analog of a scattering amplitude of these 
primes, i.e., the irreducible constituents of the odd integer A r i, is then written 

as 

ANi,P)\ Nl=aia2 ... an 

s (^^^^••^< (a+i+jimr;a - /3) L 

= VnM 1+ ^ (-l) n ((n) (5.29) 

where d a = in the second line means that the remaining d ai operators 
(or source functions to be precise) all vanish upon the completion of the 
functional derivatives. Notice that this expression is in the same form as the 
scattering amplitudes of photons in the holonomy formalism except that we 
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do not use physical operators a i but the zero-mode operators d ai here. (For 
the description of holonomy operators as S-matrix functionals of scattering 
amplitudes for gluons in general, see [3].) Thus we can naturally interpret 
r q Nl (f3) 1+ i^ : Q(n) as an analog of scattering amplitude for n prime numbers, 
with their values (a±, «2, • • • , a n ) not being specified. In this sense, the 
zero-mode holonomy operator gives a generating function for the "scattering 
amplitudes" of prime numbers. As mentioned in the introduction, obtaining 
the expression (5.29) is a main goal of the present paper. 

Any physical observable is given by the square of a probability amplitude. 
The "scattering probability" corresponding to A(Ni,(3) is then expressed, 
up to normalization, as 

|-4(iVi,/3)| 2 = C(n) 2 (5.30) 

where we use the fact that the value of the Jacobi symbol r/ Nl (/3) is nothing 
but ±1; note that each of the Legendre symbols A a . (/3) takes a value of ±1. 

The expressions (5.29) and (5.30) are independent of the choices of n 
prime numbers (ai,a2, • • • ,cx n ). In fact, we can calculate these quantities 
even with ai = 1 (i = 1, 2, ■ ■ ■ , n): 

A(N ,p)\ N i x 1 x ••• x 1 

n 

1 5 5 



(n - 1)! 5d ai 5d a2 5d a , 



-QQ(a + l + ihn.T]ai,p) 



da=0 



= W/3) 1+ i^(-irC(n) = (-l) n C(n) (5.31) 

where we use the conventional definition of the Jacobi symbol 

%(P) = (f) =1- (5.32) 

Notice that the result (5.31) can also be obtained by use of &£ (a) in (4.51), 
the "pure-gauge" holonomy operator. This confirms that we can properly 
understand 0^ 7 (a + 1 + ilmr; a^, /3) as a gauged operator of Q^ (a; (Xi,f3). 

As in the classical case, a generalization of (5.29) can be carried out 
by relaxing the condition for the winding numbers Hi- This leads to the 
expression 



A(N, 
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»w 



(n-l)\Sd ai 6d a , " 5d an «" 



e^Ja + 1 + V^ln'lmr; a*, 0) 



8 a =0 



= Vn(P) 1+ ^ (-l) n C(n) (5.33) 

where we follow the same notations in (5.18)-(5.23). The resultant "scat- 
tering amplitude" is essentially same as (5.29) except that now the prime 
factorization of the integer N is given by (5.23) rather than that of Aq in 
(5.17). The squares of these amplitudes are all identical to (,(n) 2 , ^.e., 

\A(N Q ,(3)\ 2 = lAiN^ptf = \A(N,f3)\ 2 = C{n) 2 - (5.34) 

This means that the normalized scattering probability is always one. Phys- 
ically this is obvious because once we choose iV (and (3) to calculate the 
amplitudes, the irreducible representation of N, i.e., a set of the values of 
a,, rii (and mi = 1), is determined by hand so that there is no notion of 
probability in the existence of N. In other words, once an odd integer which 
factorizes into odd primes is given, there arises no notion of creation for the 
integer; it is already there. Thus it is probably not appropriate to calcu- 
late quantities such as scattering probabilities of primes, which appear in a 
particular prime factorization, in a framework of quantum field theory. 

One may consider that the above argument can be improved by integrat- 
ing out the /3-dependence. This means the use of the Gauss sum for each of 
A Qi (/3) in (5.28). In calculating the Gauss sum, we need to sum over j3 6 F*. 
for each of the primes a.{. However, since there are n distinct such primes, 
it is impossible to execute a set of summations with a single parameter (3; 
we need multiple /3's corresponding to distinct aj's. Thus the /3-dependence 
can not be integrated out in the present interpretation of ccj and /3. This be- 
comes possible if we choose the other interpretation of cti and /3, namely, the 
second interpretation of (5.27). We shall consider this case in the following. 

The Gauss sum as a prime-creation operator 



Applying the second interpretation of (5.27) to the expression (5.28), we 
l similarly 
1 + ilmr) as 



can similarly write down the gauged abelian holonomy operator @rL (a + 



®iVy( a + 1 + ^ Imr ; A a 'i 



Tr Ri7 exp 



El -I- ^ 
(A / 9*(ai)A / 5*(a 2 )---A / 3.(Q; T .)) ImT 



r>2 
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d ai <8> a2 <g> 



da r ("l) r C(r) 



cxp 



Y. S (V(«l)V( Q: 2)---A^(Q! r )) 1 ' f I^ 
r>2 cTG<S r _i 

9oi ® 9, ^ 0- ® • • • ® a aCTr (-l) r C(r) 



(5.35) 



g„. Thus, in this case, we can suitably consider a Fourier 
*(cti) for each i. This means that we can replace each of 



where /3 is now an odd prime and on (i 
in a space of F 
transform of A/3 

A^^Qj) by 



1,2, 



is an integer defined 



2tt 



f>, 



/5 



(5.36) 



where we naively use the relations in (5.5) and (5.6), that is, although the 
Legendre symbol \p* (a*) (a* G F L ) is not appropriately defined for (3 = 3 

(mod 4), the result \p* = yf]3 holds for any odd prime f3 by a direct ap- 
plication of (5.6). In fact, a naive calculation of A3* suggests that A3* (a;) 
{pti £ Fg») should be defined by \/— 1. Thus, practically speaking, it is not 
possible to define \g*(ai) in compatible with the definition of the Legen- 
dre symbol (1.2). However, as far as the calculation of the Gauss sum is 
concerned, we can bypass these issues and directly use the result in (5.36). 

Using (5.36), we can properly integrate out the c^-dependence in (5.35) 
to obtain 



e R, ) 7 ( a + i + iImr ;/ 3 ) 



Tr R;7 exp 



Y^ {l+ ^ )r d a 



Ba 



da r (-lfC(r) 



r>2 



(5.37) 



where we express the braid trace by Tr^ j7 for simplicity. As mentioned 
earlier, below (5.7) and also in the introduction, the Gauss sum (5.36) can be 
interpreted as an operator in a space of |j. It is a conjugate operator of the 
Legendre symbol Xg*(cii) which can, on the other hand, be considered as an 
operator in a space of a« G ^%. Notice that, in a language of quantum field 
theory, the Fourier transform (5.36) shows that the relevant phase space for 



these operators is given by 



2tt 



,&■ 



In the present framework, the Gauss 



sum \p« powered by 11 + j^: J is the only operator that involves the odd 
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prime number (3. Thus it is natural to interpret it as a creation operator of 
the prime (3. Notice that, as discussed in (5.26), the factor of (l + -p— ) 



is 



necessary in taking account of quantum realization of the Legendre symbols. 
This point becomes crucial in the following arguments. 

Now it is well-known that Riemann's zeta function ((r) can be expressed 
as a product sum over primes 

cm = U-r^ = r^^T^p-r- ( 5 - 38 ) 

This is known as Euler's product. Here P runs over all primes including 
P = 2, while p denotes odd primes as before. The above analysis suggests 
that quantum theoretically the odd primes p can be replaced by the operator 

(A p ») 1+ i^, i.e., 

p o (V) 1+I ^ = (Vp) 1+t ^ ■ (5.39) 

For P = 2, either of the quantity P* or the Gauss sum A2 is not defined. 
However, one may define the Legendre symbol A 2 (x) where x £ F2 takes a 
value of x = 1 or — 1. In fact, it is possible to generalize the definition of the 
Gauss sum such that it includes the case of A 2 (x). This is a Gauss sum that 
is expanded by the so-called Dirichlet character x( x ) [24]: 



Jl-TTX 



Xp = J2 X(x)e l p 

ITgFp 

_ f VP for X (-l) = l; 

" \ iVP for X (-l) = -l. (5 ' 4U) 

This can be seen as a generalization of (5.6). In this generalization, the 
Legendre symbol Xp(x) (x G Fp) is interpreted as the Dirichlet character 
x(x). For P = 2, we have x{~ 1) = ^2( — 1) = (it) = ^ Thus the Gauss 
sum A2 can be calculated as 

A 2 = \/2. (5.41) 

Now we would like to define 2*. A naive application of the definition 
q* = (—l)~2~q leads to 2* = VI. However, we may consider that this is 
inappropriate because 2* should take a value of either +2 or —2 as the rest 
of prime numbers. We then define 2* as 2* = 2 so that we also obtain 

A 2 * = V2. (5.42) 
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This is a natural choice if we think of the fact that the elements of F2 and 
F_2 are identical; for both cases the elements can be given by either of 
±1. Of course, this fact itself does not justify the choice of 2* = 2 but 
there is nothing that prohibits this choice as well since the notion of 2* is 
introduced in a way that is somewhat independent of the correspondence 
between knots and primes in (5.1). In fact, the essential quantities in the 
following discussions are the moduli (or the absolute values) of the Gauss 
sums. Thus, although the distinction between P and P* is important in 
relation between linking numbers and Legendre symbols, it does not affect 
the modulus of the Gauss sum, |Ap| = |Ap*| = \fP. This indicates another 
justification of the choice of 2* = 2. With (5.42) understood along these lines 
of reasonings, we find that the relation (5.39) holds for any prime numbers 
P in general. Therefore the operator Q^ (a + 1 + ilmr;/?) in (5.37) can 
further be written as 

e^a + l + ilmr;/?) 
Tr fi)7 exp ___ 

_r>2 

(5.43) 

where (3 is an odd prime number and P runs over all prime numbers. By 
use of this holonomy operator, we can calculate an analog of "scattering 
amplitude" for n /3's: 



E /? i(l+I ^ d ai d a2 ® • • 


■®d ar 


Lr>2 




p 1 


1 

- pif ( 1+ w) 



8a=0 



= M>"^>II r77 ^7-cy 

= (-w i(1+lt, <(I+^) <«■«> 

where n > 2. In the holonomy formalism this can be considered as a scat- 
tering amplitude of n odd primes of the same value (3. From a perspective 
of particle physics, we can regard /3 as a boson of a same species. Thus 
(5.44) can also be interpreted as a nobel scattering amplitude of bosons. 
The square of the amplitude is given by 



\A(n\ 2 = f 



( n n 

H2 + ^Im7 

41 



(5.45) 



The appearance of Riemann's zeta function indicates that there is a nontriv- 
ial self-interactions among f3's depending on the number of /3's that involves 
in the scattering processes. In the large n limit, we have 



. n n 

C( 2 + *2Tm7 



1 (n > 1) . (5.46) 



This suggests that the self-interaction effect vanishes for sufficiently large 
n. This asymptotic behavior also supports the idea that the appearance 
of Riemann's zeta function arises form a quantum effect of the scattering 
processes among identical odd primes. 

Physical interpretation of the Riemann hypothesis 

Riemann's zeta function £(s) (s G C) vanishes at the negative even 
integers, i.e., s = —2, —4, —6, • • • . These are called the trivial zeros of C( s )- 
There is a famous conjecture about nontrivial zeros of C( s )> that is, the real 
part of any nontrivial zeros of (,(s) is equal to ^- This is called the Riemann 
hypothesis. In the following, we propose a physical interpretation of this 
hypothesis by extrapolating the result (5.44) to the case of n = 1. 

The zero-mode holonomy operator (5.43) and the abelian holonomy op- 
erator (2.16) in general are defined for n > 2. As discussed below (2.17), we 
can properly define the exponent of the holonomy operators to be zero for 
r = 1. Following the expressions in (4.41)-(4.43), let us denote this quantity 
as 

P (t) (f A := d ai I w (1) . (5.47) 



Notice that the iterated-integral representation of Riemann's zeta function 
(4.41) is not defined for r = 1. This problem can however be solved by 
taking the limit of x — >■ 1 in the following relation: 

fX fX f ]f 

Lix (X) = / U W = / =_log(l-x) 

JO Jo L — t 

,(1) 



u,W = ((1) (x ->• 1) (5.48) 

where 7 is defined in (4.22) and a/ 1 ) is defined in (4.33), respectively. Thus, 
by use of the polylogarithm function, we can properly extrapolate the ex- 
pression (4.41) to the case of r = 1. As is well-known, the resultant value 
£(1) diverges. This seems to cause a problem in defining the quantity (5.47) 
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being zero. But this can easily be remedied by assuming that the expec- 
tation value of d ai or j^rOi can be expanded by factors of |1 — x\ e with 
e > 0. In principle, such an assumption can always be imposed as there are 
no restrictions on the asymptotic behaviors of the zero-mode variables at 

x — > 1. 

The above argument shows that we can properly define the exponent of 
the zero- mode holonomy operator even for r = 1. The gauged holonomy 
operator (5.43) is obtained from the application of the zero-mode holonomy 
operator (4.51) to a space of odd prime number j3. The structure of the 
gauged holonomy operator (5.43) and the origin of Riemann's zeta function 
in particular remain the same as the original holonomy operator (4.51). The 
difference arises from the introduction of the Gauss-sum operator (powered 
by a certain factor) which we interpret as a creation operator for the odd 
prime (3. We then further rewrite the zeta function in terms of this prime- 
creation operator, using the formula of Euler's product. Therefore we can 
similarly define the case of r = 1 for the gauged holonomy operator (5.43) as 
well. This means that the "scattering amplitude" in (5.44) can be applied 
for n = 1, giving an expression 

A((3) = -/#+^) C Q + i^y = . (5.49) 

This is nothing but the indication of the Riemann hypothesis in the abelian 
holonomy formalism. 

Physically it is obvious that the amplitude (5.49) vanishes because there 
is no notion of "scattering" for a single-particle system. In other words, there 
is no notion of "interaction" in a one-body system. This assertion is more 
likely true for a system of a massless boson. In this sense, the result (5.49) 
can be physically well-understood. Furthermore, in the present case, we no 
longer deal with the divergent £(1) so that here we do not have to really 
worry about the asymptotic behavior of the zero-mode variables which we 
have discussed above. 

The imaginary part of the nontrivial zeros of £(s) are numerically given 
by 14.13, 21.02, 25.01, • • • for Ims > 0. The largest value of Imr that satisfies 
(5.49) is then evaluated as 

(Imr) max = 0.03537 . (5.50) 

This value decreases towards zero as Ims increases. Since r = ilmr is the 
modular parameter of the torus, the value of Imr characterizes the shape of 
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the torus, i.e., the Riemann surface on which we define the two-dimensional 
conformal field theory. 



6 Concluding remarks 

In the present paper, we further investigate an abelian version of the holon- 
omy formalism that is recently developed as a nonperturbative approach to 
non-abelian gauge theories [3]. We first review the construction of a holon- 
omy operator in two-dimensional conformal field theory and then consider 
zero-mode contributions to it. The zero-mode analysis is made possible by 
use of a geometric-quantization scheme. We then develop a method to ex- 
tract a purely zero-mode part of the abelian holonomy operator by redefining 
the "path ordering" in the operator. It turns out that the zero-mode holon- 
omy operator O^ (a) can be expressed in terms of Riemann's zeta function. 

Along the way, we also show that a generalization of linking numbers 
can be obtained in terms of the vacuum expectation values of the zero-mode 
holonomy operators. This is shown by use of an abelian gauge theory on the 
zero- mode variables ai £ C (i = 1, 2, • • ■ , n) where gauge transformations are 
realized by the double periodicity condition a^ — > a-i + rrii + riiT (mi,rii G Z). 
This means that aj is nothing but a complex coordinate on a torus with a 
modular parameter r which we set to r = ilmr. The integers rrii and n« 
correspond to the winding numbers of a^ and /3j cycles for the i-th torus, 
respectively. As discussed in the end of chapter 3, by fixing one of these 
numbers, we can interpret the other as a linking number between the on and 
Pi cycles. 

Inspired by mathematical analogies between linking numbers and Leg- 
endre symbols, we then consider an application of the gauged zero-mode 
holonomy operator 6^ 7 (« + 1 + ilmr) to a space of F* where p is an 
odd prime number. This enables us to incorporate Legendre symbols into 
®i? ( a + 1 + ilmr) such that they can be treated as operators in the space 
of Fp . We make both classical and quantum analyses on this new holonomy 
operator and show that it naturally leads to the so-called Jacobi symbols by 
a suitable choice of «j and /%, with j3i being identical for any Vs. 

Furthermore, we utilize the fact that the Gauss sum can be interpreted 
as a Fourier transform (or a Fourier expansion, to be more precise) of the 
Legendre symbol. An analog of the phase space that is relevant to the Fourier 
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transform is given by ( — ,x) with x G F*. Thus, in the conjugate space of 
-2-, the Legendre symbol can be represented by the Gauss sum. We apply 
these mathematical facts to @ R (a + 1 + ihxir) and construct a gauged zero- 
mode holonomy operator @^L{a + 1 + ilmr; j3) in a space that is conjugate 
to a space of FL with /3* defined by /3* = (—l)~z~/3. An explicit form of 
the operator 0^ 7 (a + 1 + ilmr; (3) is shown in (5.43). 

What is interesting, if not mathematically rigorous, in obtaining the 
expression (5.43) is that we identify the Gauss-sum operator A^* as a creation 
operator of an odd prime /3. As mentioned in section 5, in an operator 
language, the Gauss sum powered by the factor of ( 1 + j^p J is the only 
operator that involves the odd prime (3. Thus it is natural, at least from 
a perspective of physicists', to interpret \p* as an operator that is relevant 
to the creation of prime number (5. An explicit correspondence is given in 
(5.39). In section 5, we also discuss that this interpretation can naturally 
be extended to the case of the even prime number, (3 = 2. By use of this 
correspondence and the formula of Euler's product, we can therefore make 
a persuasive argument to express Riemann's zeta function in terms of the 
Gauss-sum operators. One may understand this expression as a consequence 
of the application of abelian holonomy formalism to the elementary theory 
of numbers. In this sense, the expression @^L(a + 1 + iImr;/3) in (5.43) 
presents a quantum realization of Riemann's zeta function in the holonomy 
formalism. 

The holonomy formalism is a kind of universal formalism that uses a 
holonomy operator of conformal field theory as an S-matrix functional for 
scattering amplitudes of massless bosons. In this context, we can identify the 
gauged zero-mode holonomy operator 0^ (a + 1 + ilmr; (3) as a generating 
function for an analog of "scattering amplitude" for identical prime numbers. 
The resultant "scattering amplitude" is then computed in (5.44). We argue 
that this result can also be applied to the case of a single-particle, or a single- 
prime, system and shows that in this case the result (5.44) provides a novel 
indication of the Riemann hypothesis. Physically this result arises from an 
obvious fact that there is no notion of interaction in a single-particle system. 

Lastly, we would like to remark that our construction of zero-mode holon- 
omy operators provides an interesting framework for studies on quantum 
aspects of topology and number theory. The gauged zero-mode holonomy 
operators in forms of (5.28) and (5.43) define abelian gauge theories on zero 
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modes. These are simple U(l) gauge theories but, as we have seen explicitly, 
corresponding physical results (5.34) and (5.45) hold regardless the choices 
of aj and (3 which correspond to either an odd prime number or an integer. 
The choices depend on how we realize the correspondence between linking 
numbers and Legendre symbols. Furthermore, as shown in (5.33), for a cer- 
tain choice we do not have to fix the winding numbers rrii and n«, or at 
least one of them, to the identity. Thus the abelian gauge theories which we 
construct have indeed very rich properties in terms of topology and number 
theory, and will be useful for studies of these subjects in a framework of 
quantum field theory. 



Appendix: Index of notations 

a-i {—> a,i + mi + rur) complex variables for zero modes (rrii,ni £ Z) 

creation operators of photons with helicity ± 
corresponding to the ladder operators of SL(2, C) 
comprehensive gauge fields for photons 
bialgebraic operators 

comprehensive gauge fields for zero modes 
bialgebraic operators for zero modes 
braid group 

physical configuration space 
Jacobi symbol (y 6 Z) 
finite field (reduced residue class group) 
space of mod p 
numbering index 

level number of the U(l) Chern-Simons theory 
KZ parameter 

Kahler potential for zero modes 
Legendre symbol 

Gauss sum, equal to \fjf 

winding numbers of ctj and (5i cycles, respectively 

prime factorization of odd positive integer iV 

logarithmic one-form 

logarithmic one-form (type 0) 
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il = ^ Y^i<j ^ij^ij KZ connection 

Qij = J2n a i ® a T bialgebraic operators, /i(= 0, 1, 2) corresponding 

to the full indices for the elements of SL(2, C) 

S7' r - ) zero-mode Kahler form on torus 

p, q odd prime numbers 

p-i 

p* = (— 1) 2 p odd primes with sign ± 

P prime numbers (including P = 2) 

S n rank-n symmetric group 

r = Rer + ilmr = ilmr modular parameter of torus, setting Rer = 

©fl,7(z) abelian holonomy operator of ^4 

B# )7 (z, a) abelian holonomy operator of A = A + J 4' T ^ 

®i?7( a ) zero-mode holonomy operator; A^ T '-pa.rt of Qr :1 (z, a) 

B^ (a + 1 + ilmr) Gauged zero-mode holonomy operator 

B}^ (a + 1 + ilmr; /3, Qj) Q^ (a + 1 + ilmr) incorporated with A/3* («j) 

where /3 is an odd prime and aij G FX* 

B^ (a + 1 + zlmr; /3) B^ (a + 1 + ilmr) incorporated with A/3* 

y®n = Vi <g> V 2 <g> ■ ■ ■ <g> V n physical Hilbert space 

Vi Fock space for the i-th photon 

C( r ) = En>i ~ Riemann's zeta function 
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